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where u, v, or w is the x, y, or z component of the velocity
vector; a is the speed of sound; yRsf = s is the entropy per
unit mass; and subscript x} y, or z denotes partial differenti-
ation with respect to x, y, or z.

As is well known, a characteristic surface allows possible
discontinuity of derivatives of flow quantities in its normal
direction; in other words, given initial data on such a sur-
face, the normal derivatives of flow quantities are not uniquely
determined by the fundamental equations (1-4). Now, let
the rectangular coordinates (x, y, z) be so oriented that the
x and y axes are tangent to a characteristic surface at the
origin, which may be located anywhere in the flow field;
then the normal derivative wz is not uniquely determined by
Eqs. (1-4). Solving (1-3) f for wz in terms of u, v, w, s',
and their derivatives with respect to x and y, we obtain wz —
detN/detD, where

detN =
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(a2 - u2)ux + (a2 - v2)vy -
UV(VX + Uy) —W(UWX + VWy)

v(uy — vx) — wwx — a2sx
f

U(VX —— Uy) —— WWy —— a2Sy'

U V
- 1 0

0 -1

detD =
- a2

0
0

u
-1

0

v
0

-1

A necessary and sufficient condition for wz to be indeterminate
is detD = 0 and detN = 0. The first equation leads to w2 —
a2 = 0, or

w = ± a (5)

The second equation yields

(W2 — U2)UX + (W2 — V2)vy — UV(VX + Uy) —

2w(uwx + VWy) - a2(usx
f + vsy') = 0 (6)

Equation (5) states that the velocity component normal
to a characteristic surface is equal to the local speed of sound;
in other words, a characteristic surface is everywhere tangent
to the local Mach cone. Substitution of (5) into (6) yields
the corresponding compatibility relation

(a2 - u2)ux + (a2 - v2)vy - uv(vx + uy) T
2a(uwx + VWy) — a2(usx

r + vsv
f) = 0 (7)

Similarly, solving (2-4) for sz
f, we find

sg
f — — (usx

f + vsy')/w

The condition that sz
r is indeterminate leads to w = 0,

usx
r + vsy

r — 0. Hence, we see that all surfaces composed of
streamlines are also characteristic surfaces and that the cor-
responding compatibility relation is the constancy of entropy
along streamlines. It may be noted that stream surfaces
are no longer characteristic when, in addition, the flow is
assumed to be irrotational,3 since sz

f is now identically zero.
When the y axis is chosen to coincide with a generatrix of

the Mach cone, the velocity component u vanishes and Eq. (7)
assumes the simpler form

(a2 — v2)vy + a2ux =F 2avwy — = 0

(1 — cot2jji)Vy + ux =F 2 — (a2 sin/*) = 0
(7')

where JJL is the Mach angle. It may be noted that (7') can
be transformed into Ferri's form1 in the velocity-oriented
coordinates (see Appendix) .

In conclusion, it is noted that the present approach may be
applied to general unsteady three-dimensional flow and, in
fact, to hyperbolic equations in n dimensions.

t The same result will be obtained by including (4), which is
redundant for finding wg.

Appendix
We will show that (7') can be transformed into the forms

of other investigators. The rectangular coordinates will
first be rotated by an angle ± ^ with the x axis kept fixed
so that the new y' axis coincides with the velocity vector.
Let v' and wf denote the velocity components in the new yr

and z' direction; the following transformation relations are
valid:

Vy = cosVv' =F sinAI cosju(«v' + wy'f) + sinVv'

wy = cos2fj,wy>' =F sinju cos AI (MS'' — vy>f) — sinV«v'

sy
f = cosfjLSy'' T smfjiSg'' = =F sin/is*''

since Sy'7 = 0. Substitution of these relations into (7') yields

-cot^y' ± v/ =F wy>' + tan/j(wv' + ux) ± (a?/q)sz'r = 0

or, with M denoting the Mach number,

-(M2 - l)«v' ± (M2 - l)1/2(*v' - wv>') + wt>' +
ux ± (a2/q)(M2 - l)i/*s/ = 0 (8)

which is a compatibility relation that can be obtained by
straightforward application of the general theory of Ref. 3.
Now, Eq. (8) can be reduced to (20-19) of Ref. 1 when it is
noted that y', z', and x correspond to t, n, and N, and when
Eqs. (20-11, 20-15, and 20-16) of Ref. 1 are used.
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Extension off and g Series to Non-Two-
Body Forces
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Background

BASIC to a number of our orbit determination on pre-
diction routines is the use of the classical / and g series of

celestial mechanics. This series, in turn, is based upon an
assumption of two-body motion.

In many applications of the / and g series expressions, the
accuracy to which the /» and g* are developed is far in excess of
the accuracy with which the two-body problem truly repre-
sents the physical orbit. Such an occurrence poses no dif-
ficulty when the / and g series is used for the generation of a
reference two-body orbit, but it does pose a problem if it is
used indiscriminately to represent observations accurately or
to underlie a definitive ephemeris.
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Clearly in the case of both near-earth satellite orbits and
cislunar trajectories, the two-body assumption is not always
reasonable. In the following analyses, the / and g series is
extended to a non-two-body form in which influences occa-
sioned, for example, by a spacecraft moving through a known
rotating planetary atmosphere, the second harmonic of an
aspherical planet, and the influence of a third body are
considered.

A generalized form for the / and g expression is proposed as
follows :

Ti = r0/» + r0gi + r0 X f0/&i

where the series takes the form

Qi =

At least one previous extension of the / and g series has been
already proposed. In a 1952 paper by Herrick,1 we find that
he takes into account the perturbing influence of the sun plus
the average influence of the four inner planets. When trans-
lated into the notation of this paper, we find the / and g series
to be formulated as

Such a formulation has the advantage of placing all of the per-
turbations in the hi' term and the disadvantage of generality,
i.e., drag, equatorial bulge, more than three bodies, etc., can-
not simply be included.

Introduction

An extension of the / and g series to include non-two-body
forces can be carried out under the approximation that the
perturbative forces exhibit some mean value during the time
interval of interest. For the purpose of simplicity, this mean
value is taken as the value of perturbative force at the middle
date to [i.e., at r = 0, where r = k(ti — t0]. A constant mean
acceleration fx will give rise to a departure from the unper-
turbed two-body orbit (similar in principle to a reference
Encke orbit) amounting to

FV2/2 (1)

The bar indicates an average value of the perturbative ac-
celeration, which is ordinarily taken to be the value at time £2.
The extension of the/ and g series is, then, simply the resolution
of this departure vector along the r0, f0, and r0, X TO direction
exhibited in the generalized/and g formula:

Ti = ,

while

X f0)

X f0)

(2a)

(2b)
where the dot term involves fxr rather than Eq. (1). Our
notation will follow:

(3)
Ti + Ti2 + g2

I + 2ng2 +
T»30r3 + • • .

hi = 2nh2 +

so that actually we will be developing only /2, g2) and h2 in
what follows.

A possible problem could arise in connection with Eqs.
(2a) and (2b) in the case of nearly rectilinear orbits in which
r0 X f0 becomes nearly indeterminant. In such a case, one
could take the value of TO X fo as accurate to all of the required

figures by definition and adopt the direction r0 X r0/1 r0 X TO |
as fixed for the sake of consistency.

The analysis develops the departure vector due to drag (in a
rotating earth atmosphere), due to the aspherical earth, and
due to the influence of a third (or more) body. The value of
introducing these perturbative influences into the/and g series
is only apparent if the mean value approximation adds sig-
nificantly to the accuracy with which the / and g series repre-
sents the true orbit. Because of this, the paper will also
present a number of numerical examples, which will demon-
strate comparisons among the true orbit (obtained by special
perturbations, i.e., Cowell's method), the standard / and g
series two-body approximation, and the extended / and g
series approximation.

Expressions for/;, g^ and hi

A cancellation of the r;2 terms yields

fxo = /2io + £2fo + A2(r0 X TO) (4)

A dot product of Eq. (4), first with r0 and then with f0, yields

rVr<>/2 = /2r0
2

f'Vro/2 = /2r0r0

(5)

If the first of these equations is multiplied by s0
2, the second by

—r0r0, and they are added, then we find that g% is eliminated
and

/2 = f
(6)

If the first of these equations is multiplied by r0, the second by
—r0, and they are added, then we find that/2 is eliminated and

(7)

A dot product of Eq. (4) by (r0 X r0) yields

h2 = :rV(r0 X (8)

Explicit expressions for iNo can now be introduced into Eqs.
(6-8) and values for/2, gz, and h2 thereby obtained.

Influence of Drag

The mean drag perturbation is approximately

(9)

where
n 2 _ n AJLSQ — U D0/i

5" = P/Po
v = mean velocity of the spacecraft relative to the re-

sistive medium over the time interval of interest
(in characteristic units)

CDQ = reference value of the drag coefficient
AQ = projected frontal area of the spacecraft, m2

Po = sea-level atmospheric density, 1.225 kg/m3

VCQ = surface circular satellite speed, 7,905.258 m/sec
gQ = acceleration of gravity at unit distance, 9.780,320

m/sec2

m0 = mass of the space vehicle, kg
p = mean value of atmospheric density over the time in-

terval of interest

Note that the subscript zero will be used interchangeably with
2 to denote the central of expansion point date. Throughout
the rest of the paper, we shall approximate the mean value of

= r o — co X (10)
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where co is the rotational rate of the earth |o> = 0.058273829
rad/fc,-1 min. Solution of Eqs. (6) and (7) for/; and gi and of
Eq. (8) for hi yields

(lla)2/2/r2 = fi = {D<?wQr0rQu(yQx0

(lie)

The fi, gi, and /&» can be obtained by simply multiplying Eqs.
(11) by 2/r.

Influence of the Equatorial Bulge

In the case of the equatorial bulge, one can recognize that
the major in-plane perturbative departure (i.e., in the r0 — f0
plane) will be essentially a constant factor multiplying /*, i.e.,
one can consider the local influence at the aspherical earth
simply as an augmentation on diminution of the effective
earth mass. Clearly, such a change in /* would not cause an
out-of-plane perturbation, and so a different tack would be
taken in the case of hi.

In this report, however, /;, g^ and hi are dealt with in the
same fashion for reasons of consistency, and /z, although in-
cluded, may be taken to have a value of unity. The x, y, z
components of the average bulge perturbations are taken as

= * V
where

GO-IS5/3

2 r0
3

Three-Body Perturbations

For three (or more) bodies, the average perturbative ac-
celeration has the form

EXTENDED
f AND g SERIES

NUMERICAL
INTEGRATION

(EARTH 360
RADII)

(EARTH 535
RADII)

2-BODY
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f AND g)

\ MOON
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NUMERICAL
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Fig. 1 Case 1, a = 1.023,517,80.

—— 0.2 0.4 0.6 0.8 1.0

r (ke-]MIN }

Fig. 2 Case 2, a = 7.622,854,75.

In this case, the r2s and f13 vectors locate the fixed "mean"
position of the pertubing body having a mass m3.

Numerical Example

Two satellite orbits were chosen for numerical checks, the
first with a = 1.023,517,80 earth radii. Both orbits were
circular and inclined 45° to the equator. An ARDC 1960
standard atmosphere was used, and the moon's coordinates
were taken to be

S18 = -36.742,345,86 earth radii
gn = -36.742,345,86 earth radii
2i3 = +30.0 earth radii

whereas the first body's mean position and velocity were

x0 = 0.511,758,90 earth radii
x0 = -0.698,935 radii/^-1

2/o = 0.511,758,90 earth radii
yo = +0.698,935 radii/A^1

z0 = 0.723,736,37 earth radii
z0 = 0.0

and those of the second were

XQ = 3.811,427,37 earth radii
x0 = -0.256,109,77
2/o = 3.811,427,37 earth radii
2/o = -0.256,109,77
ZQ = 5.390,172,27 earth radii
zo = 0.0
Figures 1 and 2 indicate the calculations using a standard

two-body / and g series, an extended / and g series, and a
Cowell numerical integration to compare the first and second
satellite orbit, respectively. Note that the influence of the
moon and bulge is negligible for the first orbit, and drag is
negligible for the second. (The moon's mass was artificially
augmented by a factor of 10 in order to show its influence in a
more prominent fashion.)

These figures indicate that after about 0.3 of a ke~l min
(about 4 min) an additional significant figure can be gained
through use of the extension of the / and g series, and after
about 0.5 of a ke~l min two or more significant figures can be,
added through its use.
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